In this paper, we consider the model proposed by Lakshmanan, Porsezian and Daniel [M. Lakshmanan, K. Porsezian, M. Daniel, Effect of discreteness on the continuum limit of the Heisenberg spin chain, Phys. 
Introduction
In 1988, Lakshmanan, Porsezian and Daniel [1] gave the following Hamiltonian for a classical one-dimensional isotropic biquadratic Heisenberg spin chain with N spins characterized by nearest neighbor bilinear and biquadratic exchange interaction:
2 , i,j = 1, 2, . . . , N.
(1.1)
Here the spins S i 's are three-dimensional vectors; J and k denote the bilinear and biquadratic exchange parameters, respectively. The equation of motion corresponding to (1.1) with nearest neighbor interacting spins is dS n dt = J S n × (S n+1 + S n−1 ) + k S n+1 (S n · S n+1 ) + S n−1 (S n · S n−1 ) . (1.2) In order to consider the continuum limit of (1.2) in the long wavelength and low temperature, the authors allow the lattice parameter a between nearest neighbor sites to approach zero and assume a slow variation of S n over a lattice distance. By introducing u(x, t) = u(na, t) = S n (t), u can be expanded in a Taylor series up to fourth-order. After rescaling the time variable appropriately, (1.2) takes the form
where γ 1 = a 2 /12 and γ 2 = ka 2 /(1 + 2k). When γ 1 = γ 2 = 0, (1.3) turns into the well-known Landau-Lifshitz equation [3] . When γ 1 = 0 and γ 2 0, the corresponding equation has been deduced by Fivez [4] when he revisited the one-dimensional classical compressible Heisenberg chain, which was also considered previously by Cieplak and Turski [5] . Furthermore, Guo et al. [6] proved the existence of measure-valued solutions. Since the fourth-order term S × S xxxx on the right side of (1.3) seems to be dissipative from the mathematical point of view, we want to derive a solution stronger than the one considered in [6] , that is just the main result of this paper. However, the method we will use here cannot be applied for all γ 1 and γ 2 , in fact, it is related to the integrability of (1.3). For this purpose, Porsezian et al. [2] 
Daniel et al. [7] obtained the similar result on the nonlinear spin dynamics of an anisotropic Heisenberg ferromagnetic spin chain with octupole-dipole interaction.
Without loss of generality, we will assume γ 1 equals to 1. By virtue of
we can rewrite (1.5) as
We will consider the following periodic initial-value problem:
where
and D is a positive constant. By the viscosity vanishing method, we can derive the following theorem.
Then there exists a weak solution for (1.7) such that
The paper is organized as follows: In Section 2 we consider (1.7) with an additional ε viscosity term, see (2.1); In Section 3 we first give a uniform estimate on the solution u ε of (2.1) with respect to ε, then we take the limit ε → 0 to obtain the weak solution of (1.7).
An ε-parameter equation
Consider the following equation:
We have the following lemma about smooth solutions for (2.1).
Lemma 2.1. If u is a smooth solution of (2.1), then |u| = 1.
Proof. Let us set v(x, t)
Furthermore we set w = v − 1, then w satisfies
Taking the scalar product with w in (2.2), and integrating over Ω, we obtain
From Gronwall's inequality and w(x, 0) = 0, we deduce that w(x, t) = 0, that is,
Next we use the difference method to prove the existence of solutions for (2.1).
To proceed, we need the following classical notations:
With these notations, we have the following lemmas.
Lemma 2.2. [8]
Let q, r be real numbers and j , m be integers such that 1 q, r ∞,
where 
where + , − denote the forward and backward difference, respectively. Now we can establish the following difference-differential equation corresponding to (2.1) (ε = 1):
with
It is obvious that the ordinary differential equation (2.5) admits a local smooth solution. For this solution, we shall give some estimates uniformly in h, then pass to the limit h → 0 to get a local smooth solution of (2.2). Proof.
(1) Taking the scalar product with u j h in (2.5) and summing up over j from 1 to J lead to
Applying Lemmas 2.3, 2.4 and Young's inequality, we get
(2) Taking the scalar product with ( + − u j )/ h in (2.5) and summing up over j from 1 to J lead to
Applying Lemmas 2.3, 2.4, Young's inequality and Hölder's inequality, we get 
Uniform estimates and the limiting case
We have indeed proved the existence of smooth solutions u ε for the ε-equation (2.1). In addition, we need the uniform estimates on u ε with respect of ε. To demonstrate the method used in this section, we begin with the estimate on the solution for the original equation (1.7). 
Since |u| = 1, we have u · u x = 0. Thus u, u x and u × u x consist of an orthonormal basis of R 3 . u xx can be formulated as
Substituting α 1 , α 2 , α 3 into (3.2), we have
If we differentiate u · u x = 0 twice, we have
For the first term on the right-hand side of (3.4), we have 
